Introduction
Crossed modules have been used for some time now to give interpretations of cohomology of groups [7] . More recently R. Brown [4] has given a link with homology of groups. In this paper we study free and projective crossed modules and show how a projective crossed module can be used to obtain information on the 2nd homology of a group. Explicitly we prove: The group Ker o n [c, c] has also occurred in a recent paper by Brown and Higgins [5] , in which relative abelianisations of crossed complexes are considered.
Theorem. If N is a group and i) : C-} G a projective crossed G-module with OC
Our results depend on a close study of free and projective crossed modules. Although these are structures which have been quite extensively studied, our main technical proposition seems to be unknown. This is the following: Proposition 1. /f 0 : C-*G is a free crossed G-module with OC = N, say, then the restricted map O': C--*N is a free crossed N-module.
On this technical level we note that our methods give a new and simpler proof of Ratcliffe's key lemma 2.1 (in [8] ) avoiding the detailed elementwise calculations of the original proof. Thus the concept of crossed module is an externalisation of the concept of normal subgroup, alternatively it is that of a 'twisted' module; both aspects are important. Additional examples of crossed modules arise in algebraic topology [2] , combinatorial group theory [3] and algebraic K-theory [6] .
Some standard definitions and results

Let
We recall some well-known terminology [3, 8] . i
We shall use the term projective crossed G-module to mean a projective objectl in the category of crossed G-modules and morphisms of crossed G-modules over the identity on G.
A crossed G-module a:C-*G is said to be the free crossed G-module on a function f: X--* G from a set X to the group G if the following universal property is satisfied: the functionfis the composite of # with a function v :X-,C; given any crossed G-module 6:A-,G and function w:X~A satisfying 6w=Ov, there is a unique morphism ~:C-*A of Crossed G-modules over the identity on G which satisfies ~v = w.
Free and projective crossed modules 29 Clearly free crossed modules are defined uniquely up to isomorphism, and are particular examples of projective crossed modules.
We shall need the construction of free crossed modules (cf. [3] ). So suppose we are given a function f: X~ G. Let E = F(G × X) be the free group on G × X, and let G act on E by x).
The function f induces a morphism O:E~ G which is defined on generators by
The Peiffer group P is the subgroup of E generated by the elements uvu-1(0%)-l where u, v ~ E. Then P is normal, G-invariant and O(P) is trivial. Thus, putting C=E/P, we obtain an induced crossed G-module 0# :C~G; this is the required free crossed G-module.
Let us now state, without proof, four elementary results on crossed modules: (The first is proved in [3] and the second is a special case of [2, Proposition 9].) ( 
1) Let 0 : C~G be a crossed G-module. If the restricted map 0': C~im(0) has a section s : im(O)~C (which need not be a G-map), then [C, C] f)Ker O is the trivial group. (2) Let f: X~G be a function from a set X to the group G, such that G is normally generated by the image of X. Let F(X) be the free group on X and denote by R(X) the kernel of the induced map from F(X) to G. Then the function f induces a homomorphism F(X)/[F(X), R(X)] ~G; this is the free crossed G-module on f. (3) Let O: C--*G be a projective crossed G-module, let O:A~G be an arbitrary crossed G-module and let ~ : A ~C be a surjective morphism of crossed G-modules over the identity on G. Then ~ has a section s: C~A. (4) (R. Brown) Let 0 : C--* G, ~ : A ~G be two crossed G-modules and let ck : C~A be a morphism of crossed G-modules over the identity on G. Then 0 is a crossed A-module with A acting on C via ~.
Proof of the main theorem
Proof of Proposition 1. Suppose that the crossed G-module a : C~ G is free on a function f: X--, G. Let Tbe a transversal of Nin G which contains the identity. The function f induces a function f': T× X~N given by
f'(t,x) = t f(x) t -~.
We shall show that the crossed N-module 8': C--,Nsatisfies the universal property of the free crossed N-module on f'.
Let J: A--,Nbe an arbitrary crossed N-module and let w: Tx X--,A be a function such that Jw =f'. Recall the above description of the free crossed G-module on f. Define a homomorphism w':E~A on generators by w' (g,x)=nw(t,x) where g = nt with n ~ N, t ~ T.
The Peiffer subgroup P is normally generated by the dements
uou-l( o)-I
with u, o e G × X (see [31) . Suppose that u = (h, y), o = (g, x) and g = nt as before.
Since 0u e N we have = °U'nw(t,x)= w'o.
That is, w'(P) is trivial; w" thus induces a homomorphism ¢:C--,A satisfying ~ = 0. A routine calculation shows that ~ is N-equivariant, and is thus the required morphism of crossed N-modules.
Proposition 2. Let O : C--,G be a free (projective) crossed G-module with 8C=N say. Let R-, F ~-~ N be an arbitrary free presentation of N. There is an isomorphism. [C, C] , [F,F]/[F,R] given by [c,c']-~[f,f'][F,R] where ac=kf, ac' =Af'.
Proof. First let us suppose that O : C~ G is free. It follows from Proposition 1 that the restriction of O to O': C-~Nis a free crossed module on some function f: X~N. Let F(X) be the free group on X and denote by R(X) the kernel of the induced map from F(X) to N. Result (2) of Section 1 gives us an isomorphism C--- 
F(X)/[F(X),R(X)] and hence an isomorphism [C, C].~[F(X),F(X)]/[F(X),R(X)
]
Remarks
We could have used lemma 2.1 of Ratcliffe [8] to prove our main theorem. Instead, we will show that our methods give a new and simple proof of this lemma, as follows:
Let a:C~G be the free crossed G-module on a function f: X~G. Recall the above description of C as a quotient group C=E/P. There is clearly an isomorphism
[C, C] = [E, EI/(Pn [E, EI).
Let I be the kernel of the induced map from E to G. Thus
I~ E-'* N
is a free presentation of N and so, by Proposition 2,
[C, C] =_ [E,E]/[E,I].
It follows that [E,I] =PAlE, E]; this equality is lemma 2.1 of [8] .
